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✶✳ ❉❛t♦ ❝❤❡ 27 · 37 = 999✱ ♣❡r tr♦✈❛r❡ ✐❧ r❡st♦ ❞❡❧❧❛ ❞✐✈✐s✐♦♥❡ ♣❡r ✷✼ ♦ ✸✼ s✐ ❞✐✈✐❞❡ ✐♥ t❡r③❡tt✐ ❞✐ ❝✐❢r❡ ✭❛ ♣❛rt✐r❡
❞❛ ❞❡str❛✮ ✐❧ ♥✉♠❡r♦✳ ■❧ r❡st♦ ❝❡r❝❛t♦ è ✉❣✉❛❧❡ ❛❧ r❡st♦ ❞❡❧❧❛ s♦♠♠❛ ❞✐ t✉tt✐ ✐ t❡r③❡tt✐ tr♦✈❛t✐✳

❖r❛ 201820182018 è ✉❣✉❛❧❡ ❛ 2018 · 100010001✳
◗✉✐♥❞✐

2018 ≡ 2 + 018 ≡ 20 (♠♦❞ 27) ♦ (♠♦❞ 37)

100010001 ≡ 100 + 010 + 001 ≡ 111 ≡ 3 · 37 (♠♦❞ 27) ♦ (♠♦❞ 37)

❈❛❧❝♦❧♦ ❞✐ a✿
201820182018 = 2018 · 1001001001 ≡ 20 · 3 · 37 ≡ 6 (♠♦❞ 27)

♣❡r ❝✉✐ a = 6✳

❈❛❧❝♦❧♦ ❞✐ b✿
201820182018 = 2018 · 1001001001 ≡ 20 · 3 · 37 ≡ 0 (♠♦❞ 37)

♣❡r ❝✉✐ b = 0✳

▲❛ s♦♠♠❛ a+ b è ✉❣✉❛❧❡ ❛ ✻✳

✷✳ ▲❛ s❝♦♠♣♦s✐③✐♦♥❡ ✐♥ ❢❛tt♦r✐ ♣r✐♠✐ ❞✐ ✷✵✶✽ è 2018 = 2 · 1009✳ ■❧ ✷ ❡ ✐❧ ✶✵✵✾ s✐ ♣♦ss♦♥♦ r❛♣♣r❡s❡♥t❛r❡
❝♦♠❡ s♦♠♠❛ ❞✐ q✉❛❞r❛t✐ ✐♥ ✉♥ ✉♥✐❝♦ ♠♦❞♦✱ 2 = 12 + 12 ❡ 1009 = 152 + 282✳ ❆♣♣❧✐❝❛♥❞♦ ❧✬✐❞❡♥t✐tà
(a2 + b2)(c2 + d2) = (ac− bd)2 + (ad+ bc)2 s✐ ♦tt✐❡♥❡ ❧✬✉♥✐❝❛ s♦❧✉③✐♦♥❡ 2018 = 132 + 432✳ ■❧ ♣r♦❞♦tt♦ ✈❛❧❡
✺✺✾✳

✸✳ ■❧ ♣✉♥t♦ ✜♥❛❧❡ tr♦✈❛t♦ è ❧✬✐♥❝❡♥tr♦ ❞❡❧ tr✐❛♥❣♦❧♦ ♣♦✐❝❤é è ❡q✉✐❞✐st❛♥t❡ ❞❛✐ ❧❛t✐✳ ■❧ r❛❣❣✐♦ ❞❡❧❧❛ ❝✐r❝♦♥❢❡r❡♥③❛
✐♥s❝r✐tt❛ ✐♥ ✉♥ tr✐❛♥❣♦❧♦ r❡tt❛♥❣♦❧♦ ✭(8, 15, 17) è ✉♥❛ t❡r♥❛ ♣✐t❛❣♦r✐❝❛✮ è

r =
a+ b− c

2

❞♦✈❡ a✱ b ❡ c s♦♥♦ ❧❡ ♠✐s✉r❡ ❞❡✐ ❝❛t❡t✐ ❡ ❞❡❧❧✬✐♣♦t❡♥✉s❛✳

■❧ ♥✉♠❡r♦ ❞❡✐ tr✐❛♥❣♦❧✐ ❞✐s❡❣♥❛t✐ è q✉✐♥❞✐

8 + 15− 17

2
· 100

2
= 150.

✹✳ ❙❖▲❯❩■❖◆❊ ✶
❙✐❛♥♦ T ❧✬❡tà ❞✐ ❚✳ ❡ M ❧✬❡tà ❞✐ ▼✳✱ s✐ ♦tt✐❡♥❡

T 2 +M = 3523

M2 + T = 1823

❙♦ttr❛❡♥❞♦ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❡ r❛❝❝♦❣❧✐❡♥❞♦ s✐ ❤❛ (T − M)(T + M − 1) = 1700✳ T − M ❡ T + M + 1
❤❛♥♥♦ ♣❛r✐tà ❞✐✈❡rs❡✳ ▲✬✉♥✐❝❛ s♦❧✉③✐♦♥❡ ❛❝❝❡tt❛❜✐❧❡ s✐ ♦tt✐❡♥❡ ❝♦♥ T −M = 17 ❡ T +M − 1 = 100 ❞❛ ❝✉✐
M = 59 ❡ T = 42✳

❙❖▲❯❩■❖◆❊ ✷
❉❛t♦ ❝❤❡ 592 < 3523 < 602 ❡ 422 < 1823 < 432 ❧❡ ✉♥✐❝❤❡ s♦❧✉③✐♦♥✐ ✐♥t❡r❡ ♣♦ss✐❜✐❧✐ s♦♥♦ M = 59 ❡ T = 42
❝❤❡ ❡✛❡tt✐✈❛♠❡♥t❡ s♦❞❞✐s❢❛♥♦ ❧❡ r✐❝❤✐❡st❡✳

✺✳ ❙✐❛ 6a2a3a4 · · · an−1an ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞❡❝✐♠❛❧❡ ❞❡❧ ♥✉♠❡r♦ ❝❡r❝❛t♦✳ ❉❡✈❡ r✐s✉❧t❛r❡

a2a3a4 · · · an−1an6 =
1

4
· 6a2a3a4 · · · an−1an

♦✈✈❡r♦
4 · a2a3a4 · · · an−1an6 = 6a2a3a4 · · · an−1an.



▲❛ ❝✐❢r❛ an ❞❡✈❡ ❡ss❡r❡ q✉✐♥❞✐ ✹ ✭❧❛ ❝✐❢r❛ ❞❡❧❧❡ ✉♥✐tà ❞✐ 6× 4✮✳ ❙♦st✐t✉❡♥❞♦ s✐ ♦tt✐❡♥❡

4 · a2a3a4 · · · an−146 = ·6a2a3a4 · · · an−14.

❖r❛ ❧❛ ❝✐❢r❛ an−1 è ❧❛ ❝✐❢r❛ ❞❡❧❧❡ ✉♥✐tà ❞✐ 4× 4+2 ✭✷ è ✐❧ r✐♣♦rt♦ ❞❡❧❧❛ ♠♦❧t✐♣❧✐❝❛③✐♦♥❡ ♣r❡❝❡❞❡♥t❡✮ ♦✈✈❡r♦ ✽✳

Pr♦❝❡❞❡♥❞♦ ✐♥ q✉❡st♦ ♠♦❞♦ s✐ r✐❝❛✈❛ an−2 = 3✱ an−3 = 5✱ an−4 = 1 ❡ ✜♥❛❧♠❡♥t❡ an−5 = 6✳ ■❧ ♥✉♠❡r♦
❝❡r❝❛t♦ è q✉✐♥❞✐ 615384✳ ▲❛ r✐s♣♦st❛ è ✷✽✽✵✳

✻✳ ▲❡ ❝✐❢r❡ ✹✱ ✻✱ ❡ ✽ ♥♦♥ ♣♦ss♦♥♦ ❡ss❡r❡ ❝✐❢r❡ ❞❡❧❧❡ ✉♥✐tà✳ ◗✉✐♥❞✐ ❧❛ s♦♠♠❛ è ❛❧ ♠✐♥✐♠♦ 40 + 60 + 80+ 1+ 2+
3 + 5 + 7 + 9 = 207✳ ▲✬✐♥s✐❡♠❡ {2, 5, 7, 43, 61, 89} r❡❛❧✐③③❛ q✉❡st♦ ♠✐♥✐♠♦✳

✼✳ ◆♦♥ ♣♦ss♦♥♦ ❡ss❡r❝✐ ✽ ♥✉♠❡r✐ ❝♦♥s❡❝✉t✐✈✐ ❞✐s❝♦❧✐✳ ■♥❢❛tt✐ tr❛ ✽ ♥✉♠❡r✐ ❝♦♥s❡❝✉t✐✈✐ ❝✬è s✐❝✉r❛♠❡♥t❡ ✉♥ ♥✉♠❡r♦
n ❝♦♥❣r✉♦ ❛ ✹ ♠♦❞✉❧♦ ✽✳ ◗✉✐♥❞✐ n = 8k + 4 = 4(2k + 1) = 22(2k + 1)✱ n ♥♦♥ è ❞✐s❝♦❧♦✳ ❯♥❛ s❡q✉❡♥③❛ ❞✐ ✼
♥✉♠❡r✐ ❞✐s❝♦❧✐ ❝♦♥s❡❝✉t✐✈✐ è r❛♣♣r❡s❡♥t❛t❛ ❞❛✐ ♥✉♠❡r✐ ✷✾✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✸✱ ✸✹✱ ✸✺✳

✽✳ ❙❖▲❯❩■❖◆❊ ✶

❙✐❛♥♦ A′✱ B′✱ C ′ r✐s♣❡tt✐✈❛♠❡♥t❡ ✐ ♣✉♥t✐ ❞✐ ✐♥t❡rs❡③✐♦♥❡ ❞✐ AD ❡ BE✱ BE ❡ CF ✱ CF ❡ AD✿ ♣❡r ♠♦t✐✈✐ ❞✐
s✐♠♠❡tr✐❛ ✐❧ tr✐❛♥❣♦❧♦ A′B′C ′ è ❡q✉✐❧❛t❡r♦✳

❙✐ ✈❡r✐✜❝❛ ❝❤❡ ✐❧ tr✐❛♥❣♦❧♦ ABC è ❡q✉✐✈❛❧❡♥t❡ ❛ ✼ tr✐❛♥❣♦❧✐ ✉❣✉❛❧✐ ❛ A′B′C ′ ❧❛ ❝✉✐ ❛r❡❛ è ♣❛r✐ ❛❧❧ì✬❛r❡❛ ❞❡❧
tr✐❛♥❣♦❧♦ ABC ❝♦♠❡ ❡✈✐❞❡♥③✐❛t♦ ✐♥ ✜❣✉r❛✳

B C

A

B′

A′

C′

◆♦t❛✿ ♣♦✐❝❤é r❛♣♣♦rt✐ ❞✐ s❡❣♠❡♥t✐ ❛❧❧✐♥❡❛t✐ ❡ r❛♣♣♦rt✐ ❞✐ ❛r❡❡ s♦♥♦ ✐♥✈❛r✐❛♥t✐ ♣❡r ❛✣♥✐tà ❡✱ ✜ss❛t✐ ❞✉❡
tr✐❛♥❣♦❧✐ ♥♦♥ ❞❡❣❡♥❡r✐✱ ❡s✐st❡ ✉♥❛ ❡❞ ✉♥❛ s♦❧❛ ❛✣♥✐tà ❝❤❡ tr❛s❢♦r♠❛ ❧✬✉♥♦ ♥❡❧❧✬❛❧tr♦✱ ❧✬✐♣♦t❡s✐ ❝❤❡ ✐❧ tr✐❛♥❣♦❧♦
s✐❛ ❡q✉✐❧❛t❡r♦ è ✐♥❡ss❡♥③✐❛❧❡✳

❙❖▲❯❩■❖◆❊ ✷

❘✐s♦❧✈✐❛♠♦ ✐❧ ♣r♦❜❧❡♠❛ ✐♥ ❝♦♦r❞✐♥❛t❡ ❜❛r✐❝❡♥tr✐❝❤❡ ♦♠♦❣❡♥❡❡✳
■ ♣✉♥t✐ A✱ B✱ C ❤❛♥♥♦ r✐s♣❡tt✐✈❛♠❡♥t❡ ❝♦♦r❞✐♥❛t❡ (1, 0, 0)✱ (0, 1, 0)✱ (0, 0, 1)✳
■ ♣✉♥t✐ D✱ E✱ F ❤❛♥♥♦ r✐s♣❡tt✐✈❛♠❡♥t❡ ❝♦♦r❞✐♥❛t❡ (0, 1/3, 2/3)✱ (2/3, 0, 1/3)✱ (1/3, 2/3, 0)✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ❣❡♥❡r✐❝❛ è ax+ by + cz = 0✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ♣❛ss❛♥t❡ ♣❡r B ❡ E è✿ x = 2z✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ♣❛ss❛♥t❡ ♣❡r A ❡ D è✿ z = 2y✳
■❧ ♣✉♥t♦ A′✱ ✐♥t❡rs❡③✐♦♥❡ tr❛ ❧❡ r❡tt❡ BE ❡ AD ❤❛ ❝♦♦r❞✐♥❛t❡ (4/7, 1/7, 2/7)✳
P❡r s✐♠♠❡tr✐❛ ✐ ♣✉♥t✐ B′ ❡ C ′ ❤❛♥♥♦ ❝♦♦r❞✐♥❛t❡ (2/7, 4/7, 1/7) ❡ (1/7, 2/7, 4/7)✳
▲✬❛r❡❛ ❞✐ ✉♥ tr✐❛♥❣♦❧♦ ❞✐ ✈❡rt✐❝✐ P = (x1, y1, z1)✱ Q = (x2, y2, z2) ❛♥❞ R = (x3, y3, z3) è✿

[PQR] =

∣

∣

∣

∣

∣

∣

∣

x1 y1 z1
x2 y2 z2
x3 y3 z3

∣

∣

∣

∣

∣

∣

∣

■❧ ❞❡t❡r♠✐♥❛♥t❡ è ❞❡❧❧❛ ❢♦r♠❛

∣

∣

∣

∣

∣

∣

∣

a b c
b c a
c a b

∣

∣

∣

∣

∣

∣

∣

❡ ✈❛❧❡ 3abc− a3 − b3 − c3✳ ❙♦st✐t✉❡♥❞♦ s✐ ♦tt✐❡♥❡ [A′B′C ′] = 1

7
✳



✾✳ ❙✐❛ AB = 60✱ AC = 80✱ ❡ BC = 100✳ ❙❡ ✐❧ tr✐❛♥❣♦❧♦ ABD ❤❛ ❧♦ st❡ss♦ ♣❡r✐♠❡tr♦ ❞❡❧ tr✐❛♥❣♦❧♦ ACD✱ ❞❡✈❡
❡ss❡r❡ AB +BD ✉❣✉❛❧❡ ❛ AC +DC❀ s✐ r✐❝❛✈❛ ❢❛❝✐❧♠❡♥t❡ BD = 60✳

❉✐s❡❣♥❛♠♦ ❧✬❛❧t❡③③❛ AH r❡❧❛t✐✈❛ ❛ BC✳ ■❧ tr✐❛♥❣♦❧♦ ABH è s✐♠✐❧❡ ❛❧ tr✐❛♥❣♦❧♦ BCA✳ ◗✉✐♥❞✐ AH = 48
❡ BH = 36✳ ■❧ tr✐❛♥❣♦❧♦ r❡tt❛♥❣♦❧♦ AHD ❤❛ ✐ ❞✉❡ ❝❛t❡t✐ AH = 48 ❡ HD = BD − BH = 60 − 36 = 24✳
▲✬✐♣♦t❡♥✉s❛ AD ♠✐s✉r❛ 24

√
5 ♠✳ ❘✐s♣♦st❛ ✺✸✻✻✳

✶✵✳ ▲❛ s♦♠♠❛ ❞❡✐ ♥✉♠❡r✐ s✉ ♦❣♥✐ r✐❣❛ è 3n−1 + 1✳ ❘✐s♣♦st❛ 38 + 1 = 6562✳

✶✶✳ ❙✉ ♦❣♥✐ ❧❛t♦ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ♣♦ss✐❛♠♦ ♣♦s✐③✐♦♥❛r❡ ✉♥ ♦tt❛❡❞r♦ ♣✐❝❝♦❧♦ ♣❡r ✉♥ t♦t❛❧❡ ❞✐ ✶✽ t❡tr❛❡❞r✐✳
❆♥❝❤❡ ❛❧ ❝❡♥tr♦ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ♣♦ss✐❛♠♦ ♣♦s✐③✐♦♥❛r❡ ✉♥✬♦tt❛❡❞r♦ ♣✐❝❝♦❧♦✳ ❚r❛ ✐ ✶✾ ♦tt❛❡❞r✐ ♣♦ss✐❛♠♦
♣♦s✐③✐♦♥❛r❡ ❡s❛tt❛♠❡♥t❡ ✸✷ t❡tr❛❡❞r✐✱ ✸ t❡tr❛❡❞r✐ ♣❡r ♦❣♥✐ ❢❛❝❝✐❛ ❞❡❧ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ❡ ✽ t❡tr❛❡❞r✐ ♣❡r
♦❣♥✐ ❢❛❝❝✐❛ ❞❡❧ t❡tr❛❡❞r♦ ❝❡♥tr❛❧❡✳ ❘✐s♣♦st❛ 19 · 32 = 608✳

✶✷✳ ➮ ❧❛ s♦♠♠❛ ❞✐ ✉♥❛ s❡r✐❡ ❣❡♦♠❡tr✐❝❛✳ ❊s❡❣✉✐t✐ ✐ ❝❛❧❝♦❧✐ s✐ tr♦✈❛ (1 + x)18 − x18✳ ■❧ ❝♦❡✣❝✐❡♥t❡ ❝❡r❝❛t♦ è
(

18

5

)

= 8568✳

✶✸✳ ❙✐❛ r ✐❧ r❛❣❣✐♦ ❞✐ ✉♥❛ s❢❡r❛✳ ▲❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧ ❝✉❜♦ s✐ ♣✉ò ❡s♣r✐♠❡r❡ ❝♦♠❡
√
3 =

√
3r + r + r +

√
3r.

▲❛ s♦❧✉③✐♦♥❡ è r =
3−

√
3

4
= 0.316 . . . ✳

✶✹✳ ❊s♣r✐♠✐❛♠♦ ❧❛ s♦♠♠❛ ❝❡r❝❛t❛ tr❛♠✐t❡ ❧❛ s❡❣✉❡♥t❡ t❛❜❡❧❧❛✿

1

10

2

102
3

103
4

104
· · ·

✵✱ ✶ ✶ ✶ ✶ · · ·
✵✱ ✵ ✶ ✶ ✶ · · ·
✵✱ ✵ ✵ ✶ ✶ · · ·
✵✱ ✵ ✵ ✵ ✶ · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·

❊s❡❣✉✐❛♠♦ ❧❡ s♦♠♠❡ ❧✉♥❣♦ ❧❡ ❞✐❛❣♦♥❛❧✐✿

1

9
+

1

90
+

1

900
+ · · · = 10

81
.

✶✺✳ ◆❡❧ ♠❛③③♦ ❞✐ ✹✽ ❝❛rt❡ ❝♦♥ ✸ ❛ss✐✱ ✐❧ s❡❝♦♥❞♦ ❛ss♦ r✐♠❛♥❡ s❡♠♣r❡ ✐❧ s❡❝♦♥❞♦ ❛ss♦ s✐❛ s❡ ❣✐r✐❛♠♦ ❧❡ ❝❛rt❡
❞❛❧❧✬❛❧t♦ ✈❡rs♦ ✐❧ ❜❛ss♦ ❡ s✐❛ s❡ ❣✐r✐❛♠♦ ❧❡ ❝❛rt❡ ❞❛❧ ❜❛ss♦ ✈❡rs♦ ❧✬❛❧t♦✳ ❙❡ ✐❧ s❡❝♦♥❞♦ ❛ss♦ s✐ tr♦✈❛ ✐♥ ♣♦s✐③✐♦♥❡
k✲❡s✐♠❛ ❣✐r❛♥❞♦ ❧❡ ❝❛rt❡ ❞❛❧❧✬❛❧t♦ ✈❡rs♦ ✐❧ ❜❛ss♦ s✐ r✐tr♦✈❡rà ✐♥ ♣♦s✐③✐♦♥❡ 49 − k✲❡s✐♠❛ ❣✐r❛♥❞♦ ❧❡ ❝❛rt❡ ❞❛❧
❜❛ss♦ ✈❡rs♦ ❧✬❛❧t♦✳ ■❧ ♥✉♠❡r♦ ♠❡❞✐♦ ❞✐ ❝❛rt❡ s❛rà ♣❡rt❛♥t♦

k + 49− k

2
=

49

2
.

❘✐s♣♦st❛ ✺✶✳

✶✻✳ ❈❤✐❛♠✐❛♠♦ ❧❡ ♣r♦♠❡ss❡ ❆✱ ❇✱ ❈✱ ❉✱ ❊✳ ▲✬✐♣♦t❡s✐ ❝❤❡ ❞✉❡ ♣❛rt✐t✐ q✉❛❧✉♥q✉❡ ❤❛♥♥♦ ❢❛tt♦ ❛❧♠❡♥♦ ✉♥❛ ♣r♦♠❡ss❛
✐♥ ❝♦♠✉♥❡ ❣❛r❛♥t✐s❝❡ ❝❤❡ ♥♦♥ ❝✐ s♦♥♦ ♣❛rt✐t✐ ❝❤❡ ❤❛♥♥♦ ❢❛tt♦ ✐♥s✐❡♠✐ ❞✐ ♣r♦♠❡ss❡ ❝♦♠♣❧❡♠❡♥t❛r✐✳
P♦✐❝❤é ✐ 25 = 32 s♦tt♦✐♥s✐❡♠✐ ❞✐ {A,B,C,D,E} s✐ ♣♦ss♦♥♦ ❞✐✈✐❞❡r❡ ✐♥ 24 = 16 ❝♦♣♣✐❡ ❞✐ s♦tt♦✐♥s✐❡♠✐ ❢r❛
❧♦r♦ ❝♦♠♣❧❡♠❡♥t❛r✐ ❡ ❧❡ ♣r♦♠❡ss❡ ❢❛tt❡ ♣♦ss♦♥♦ ❝♦♠♣r❡♥❞❡r❡ ❛❧ ♣✐ù ✉♥ s♦tt♦✐♥s✐❡♠❡ ❛❧❧✬✐♥t❡r♥♦ ❞✐ ❝✐❛s❝✉♥❛
❝♦♣♣✐❛✱ ✐❧ ♥✉♠❡r♦ t♦t❛❧❡ ❞❡✐ ♣❛rt✐t✐ ♥♦♥ ♣✉ò s✉♣❡r❛r❡ ✶✻✳
❉✬❛❧tr❛ ♣❛rt❡ ✐❧ ♥✉♠❡r♦ ❞✐ ✶✻ ♣✉ò ❡ss❡r❡ ❡✛❡tt✐✈❛♠❡♥t❡ r❛❣❣✐✉♥t♦ ❝♦♥s✐❞❡r❛♥❞♦ ✶✻ ♣❛rt✐t✐ ❝❤❡ ❛❜❜✐❛♥♦ ❢❛tt♦
t✉tt✐ ❧❛ ♣r♦♠❡ss❛ ❆ ❡ ✐♥♦❧tr❡ ❝✐❛s❝✉♥♦ ✉♥♦ ❞❡✐ ✶✻ ♣♦ss✐❜✐❧✐ s♦tt♦✐♥s✐❡♠✐ ❞✐ ♣r♦♠❡ss❡ ❞❡❧❧✬✐♥s✐❡♠❡ {B,C,D,E}

✶✼✳ ■❧ ❜❛r✐❝❡♥tr♦ s✐ tr♦✈❛ s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧ tr❛♣❡③✐♦✳

❉✐✈✐❞✐❛♠♦ ✐❧ tr❛♣❡③✐♦ ✐♥ ❞✉❡ ✜❣✉r❡✿



A B

CD

H K

G1

G2

G

❼ ✐❧ r❡tt❛♥❣♦❧♦ HKCD ❞✐ ❛r❡❛ 288 ♠2 ❡ ❜❛r✐❝❡♥tr♦ G1 s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧ tr❛♣❡③✐♦ ❡ ❞✐st❛♥t❡ 6
❝♠ ❞❛❧❧❛ ❜❛s❡ ✭♠❡tà ❞❡❧❧✬❛❧t❡③③❛✮❀

❼ ✐ ❞✉❡ tr✐❛♥❣♦❧✐ AHD ❡ KBC ❞✐ ❛r❡❛ ❝♦♠♣❧❡ss✐✈❛ ✼✷ ♠2 ❡ ❜❛r✐❝❡♥tr♦ G2 s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧
tr❛♣❡③✐♦ ❡ ❞✐st❛♥t❡ 4 ❝♠ ❞❛❧❧❛ ❜❛s❡ ✭✉♥ t❡r③♦ ❞❡❧❧✬❛❧t❡③③❛✮✳

■❧ ❜❛r✐❝❡♥tr♦ G ❞❡❧ tr❛♣❡③✐♦ s✐ tr♦✈❛ tr❛♠✐t❡ ❧❛ ♠❡❞✐❛ ♣♦♥❞❡r❛t❛ tr❛ G1 ❡ G2 ❝♦♥ ♣❡s✐ ♣❛r✐ ❛❧❧❡ ❛r❡❡

288 · 6 + 72 · 4
288 + 72

=
28

5
.

❖ss❡r✈❛③✐♦♥❡✳ ▲❛ ❞✐st❛♥③❛ ❞❡❧ ❜❛r✐❝❡♥tr♦ ❞❛❧❧❛ ❜❛s❡ ♠❛❣❣✐♦r❡ ✐♥ ✉♥ tr❛♣❡③✐♦ s✐ ♣✉ò ❝❛❧❝♦❧❛r❡ ♠❡❞✐❛♥t❡ ❧❛
s❡❣✉❡♥t❡ ❢♦r♠✉❧❛✿

❞✐st(G,BASE) =
h

3
· B + 2b

B + b

✶✽✳ ■♥❞✐❝❤✐❛♠♦ ❝♦♥ a = 2x3 − 3x2✱ b = x+ 1✱ c = 3x3 − x2 ❡ d = 5x− 13✳ ▲✬❡q✉❛③✐♦♥❡ ❞✐✈❡♥t❛
a+ b

a− b
=

c+ d

c− d

❝❤❡ r✐s✉❧t❛ ✈❡r❛ s❡ ❡ s♦❧♦ s❡
a

b
=

c

d
✳ ◗✉✐♥❞✐ ❜✐s♦❣♥❛ r✐s♦❧✈❡r❡ ❧✬❡q✉❛③✐♦♥❡✿

2x3 − 3x2

x+ 1
=

3x3 − x2

5x− 13
.

▲❡ s♦❧✉③✐♦♥✐ s♦♥♦ 0✱ 8

7
❡ 5✳

✶✾✳ ❯♥ ♥✉♠❡r♦ ❣✐♦❝♦s♦ ❤❛ ❛❧♠❡♥♦ ✷ ❝✐❢r❡ ❞✐st✐♥t❡ a ❡ b✳ ◗✉✐♥❞✐ ❝✐ s❛r❛♥♥♦ tr❛ ❧❡ ♣❡r♠✉t❛③✐♦♥✐ ❞❡❧ ♥✉♠❡r♦ s✐❛
xxx . . . xxxab ❡ s✐❛ xxx . . . xxxba✳ ❯♥ ❞✐✈✐s♦r❡ d ❞❡✐ ❞✉❡ ♥✉♠❡r✐ ❞❡✈❡ ❞✐✈✐❞❡r❡ ❧❛ ❧♦r♦ ❞✐✛❡r❡♥③❛ 9(a− b) ✐❧
❝✉✐ ✈❛❧♦r❡ ♠❛ss✐♠♦ è ✽✶✳ ❯♥ ♥✉♠❡r♦ ❣✐♦❝♦s♦ ❝❤❡ r❡❛❧✐③③❛ q✉❡st♦ ♠❛ss✐♠♦ è ✾✾✾✾✾✾✾✾✾✵✳

✷✵✳ ❆♣♣❧✐❝❛♥❞♦ ❧❛ ❞✐s✉❣✉❛❣❧✐❛♥③❛ tr❛ ♠❡❞✐❛ ❛r✐t♠❡t✐❝❛ ❡ ❣❡♦♠❡tr✐❝❛ s✐ ♦tt✐❡♥❡ ❞❛❧❧❛ ♣r✐♠❛ r❡❧❛③✐♦♥❡ ❝❤❡ ♣❡r
q✉❛❧❝❤❡ x

»

f(x) ≥ f(x) + f(1)

2
≥
»

f(x)f(1)

❉✬❛❧tr❛ ♣❛rt❡✱ ❞❛t♦ ❝❤❡ f(1) ≥ 1✱

»

f(x) ≤
»

f(x)f(1)

q✉✐♥❞✐ ❞❡✈❡ ❡ss❡r❡
»

f(x) =
»

f(x)f(1)

♦✈✈❡r♦ f(1) = 1✳

❙♦st✐t✉❡♥❞♦ ♥❡❧❧❛ s❡❝♦♥❞❛ r❡❧❛③✐♦♥❡ s✐ ♦tt✐❡♥❡ f(n) = 2n− 1✳ ■❧ ✈❛❧♦r❡ ❝❡r❝❛t♦ è f(29) = 57✳



❙♦❧✉③✐♦♥✐ ●❛r❛ ❆ ❙q✉❛❞r❡ ✲ ✽ ❢❡❜❜r❛✐♦ ✷✵✶✽

✶✳ ❉❛t♦ ❝❤❡ 27 · 37 = 999✱ ♣❡r tr♦✈❛r❡ ✐❧ r❡st♦ ❞❡❧❧❛ ❞✐✈✐s✐♦♥❡ ♣❡r ✷✼ ♦ ✸✼ s✐ ❞✐✈✐❞❡ ✐♥ t❡r③❡tt✐ ❞✐ ❝✐❢r❡ ✭❛ ♣❛rt✐r❡
❞❛ ❞❡str❛✮ ✐❧ ♥✉♠❡r♦✳ ■❧ r❡st♦ ❝❡r❝❛t♦ è ✉❣✉❛❧❡ ❛❧ r❡st♦ ❞❡❧❧❛ s♦♠♠❛ ❞✐ t✉tt✐ ✐ t❡r③❡tt✐ tr♦✈❛t✐✳

❖r❛ 201820182018 è ✉❣✉❛❧❡ ❛ 2018 · 100010001✳
◗✉✐♥❞✐

2018 ≡ 2 + 018 ≡ 20 (♠♦❞ 27) ♦ (♠♦❞ 37)

100010001 ≡ 100 + 010 + 001 ≡ 111 ≡ 3 · 37 (♠♦❞ 27) ♦ (♠♦❞ 37)

❈❛❧❝♦❧♦ ❞✐ a✿
201820182018 = 2018 · 1001001001 ≡ 20 · 3 · 37 ≡ 6 (♠♦❞ 27)

♣❡r ❝✉✐ a = 6✳

❈❛❧❝♦❧♦ ❞✐ b✿
201820182018 = 2018 · 1001001001 ≡ 20 · 3 · 37 ≡ 0 (♠♦❞ 37)

♣❡r ❝✉✐ b = 0✳

▲❛ s♦♠♠❛ a+ b è ✉❣✉❛❧❡ ❛ ✻✳

✷✳ ▲❛ s❝♦♠♣♦s✐③✐♦♥❡ ✐♥ ❢❛tt♦r✐ ♣r✐♠✐ ❞✐ ✷✵✶✽ è 2018 = 2 · 1009✳ ■❧ ✷ ❡ ✐❧ ✶✵✵✾ s✐ ♣♦ss♦♥♦ r❛♣♣r❡s❡♥t❛r❡
❝♦♠❡ s♦♠♠❛ ❞✐ q✉❛❞r❛t✐ ✐♥ ✉♥ ✉♥✐❝♦ ♠♦❞♦✱ 2 = 12 + 12 ❡ 1009 = 152 + 282✳ ❆♣♣❧✐❝❛♥❞♦ ❧✬✐❞❡♥t✐tà
(a2 + b2)(c2 + d2) = (ac− bd)2 + (ad+ bc)2 s✐ ♦tt✐❡♥❡ ❧✬✉♥✐❝❛ s♦❧✉③✐♦♥❡ 2018 = 132 + 432✳ ■❧ ♣r♦❞♦tt♦ ✈❛❧❡
✺✺✾✳

✸✳ ■❧ ♣✉♥t♦ ✜♥❛❧❡ tr♦✈❛t♦ è ❧✬✐♥❝❡♥tr♦ ❞❡❧ tr✐❛♥❣♦❧♦ ♣♦✐❝❤é è ❡q✉✐❞✐st❛♥t❡ ❞❛✐ ❧❛t✐✳ ■❧ r❛❣❣✐♦ ❞❡❧❧❛ ❝✐r❝♦♥❢❡r❡♥③❛
✐♥s❝r✐tt❛ ✐♥ ✉♥ tr✐❛♥❣♦❧♦ r❡tt❛♥❣♦❧♦ ✭(8, 15, 17) è ✉♥❛ t❡r♥❛ ♣✐t❛❣♦r✐❝❛✮ è

r =
a+ b− c

2

❞♦✈❡ a✱ b ❡ c s♦♥♦ ❧❡ ♠✐s✉r❡ ❞❡✐ ❝❛t❡t✐ ❡ ❞❡❧❧✬✐♣♦t❡♥✉s❛✳

■❧ ♥✉♠❡r♦ ❞❡✐ tr✐❛♥❣♦❧✐ ❞✐s❡❣♥❛t✐ è q✉✐♥❞✐

8 + 15− 17

2
· 100

2
= 150.

✹✳ ❙❖▲❯❩■❖◆❊ ✶
❙✐❛♥♦ T ❧✬❡tà ❞✐ ❚✳ ❡ M ❧✬❡tà ❞✐ ▼✳✱ s✐ ♦tt✐❡♥❡

T 2 +M = 3523

M2 + T = 1823

❙♦ttr❛❡♥❞♦ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❡ r❛❝❝♦❣❧✐❡♥❞♦ s✐ ❤❛ (T − M)(T + M − 1) = 1700✳ T − M ❡ T + M + 1
❤❛♥♥♦ ♣❛r✐tà ❞✐✈❡rs❡✳ ▲✬✉♥✐❝❛ s♦❧✉③✐♦♥❡ ❛❝❝❡tt❛❜✐❧❡ s✐ ♦tt✐❡♥❡ ❝♦♥ T −M = 17 ❡ T +M − 1 = 100 ❞❛ ❝✉✐
M = 59 ❡ T = 42✳

❙❖▲❯❩■❖◆❊ ✷
❉❛t♦ ❝❤❡ 592 < 3523 < 602 ❡ 422 < 1823 < 432 ❧❡ ✉♥✐❝❤❡ s♦❧✉③✐♦♥✐ ✐♥t❡r❡ ♣♦ss✐❜✐❧✐ s♦♥♦ M = 59 ❡ T = 42
❝❤❡ ❡✛❡tt✐✈❛♠❡♥t❡ s♦❞❞✐s❢❛♥♦ ❧❡ r✐❝❤✐❡st❡✳

✺✳ ❙✐❛ 6a2a3a4 · · · an−1an ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞❡❝✐♠❛❧❡ ❞❡❧ ♥✉♠❡r♦ ❝❡r❝❛t♦✳ ❉❡✈❡ r✐s✉❧t❛r❡

a2a3a4 · · · an−1an6 =
1

4
· 6a2a3a4 · · · an−1an

♦✈✈❡r♦
4 · a2a3a4 · · · an−1an6 = 6a2a3a4 · · · an−1an.



▲❛ ❝✐❢r❛ an ❞❡✈❡ ❡ss❡r❡ q✉✐♥❞✐ ✹ ✭❧❛ ❝✐❢r❛ ❞❡❧❧❡ ✉♥✐tà ❞✐ 6× 4✮✳ ❙♦st✐t✉❡♥❞♦ s✐ ♦tt✐❡♥❡

4 · a2a3a4 · · · an−146 = ·6a2a3a4 · · · an−14.

❖r❛ ❧❛ ❝✐❢r❛ an−1 è ❧❛ ❝✐❢r❛ ❞❡❧❧❡ ✉♥✐tà ❞✐ 4× 4+2 ✭✷ è ✐❧ r✐♣♦rt♦ ❞❡❧❧❛ ♠♦❧t✐♣❧✐❝❛③✐♦♥❡ ♣r❡❝❡❞❡♥t❡✮ ♦✈✈❡r♦ ✽✳

Pr♦❝❡❞❡♥❞♦ ✐♥ q✉❡st♦ ♠♦❞♦ s✐ r✐❝❛✈❛ an−2 = 3✱ an−3 = 5✱ an−4 = 1 ❡ ✜♥❛❧♠❡♥t❡ an−5 = 6✳ ■❧ ♥✉♠❡r♦
❝❡r❝❛t♦ è q✉✐♥❞✐ 615384✳ ▲❛ r✐s♣♦st❛ è ✷✽✽✵✳

✻✳ ▲❡ ❝✐❢r❡ ✹✱ ✻✱ ❡ ✽ ♥♦♥ ♣♦ss♦♥♦ ❡ss❡r❡ ❝✐❢r❡ ❞❡❧❧❡ ✉♥✐tà✳ ◗✉✐♥❞✐ ❧❛ s♦♠♠❛ è ❛❧ ♠✐♥✐♠♦ 40 + 60 + 80+ 1+ 2+
3 + 5 + 7 + 9 = 207✳ ▲✬✐♥s✐❡♠❡ {2, 5, 7, 43, 61, 89} r❡❛❧✐③③❛ q✉❡st♦ ♠✐♥✐♠♦✳

✼✳ ◆♦♥ ♣♦ss♦♥♦ ❡ss❡r❝✐ ✽ ♥✉♠❡r✐ ❝♦♥s❡❝✉t✐✈✐ ❞✐s❝♦❧✐✳ ■♥❢❛tt✐ tr❛ ✽ ♥✉♠❡r✐ ❝♦♥s❡❝✉t✐✈✐ ❝✬è s✐❝✉r❛♠❡♥t❡ ✉♥ ♥✉♠❡r♦
n ❝♦♥❣r✉♦ ❛ ✹ ♠♦❞✉❧♦ ✽✳ ◗✉✐♥❞✐ n = 8k + 4 = 4(2k + 1) = 22(2k + 1)✱ n ♥♦♥ è ❞✐s❝♦❧♦✳ ❯♥❛ s❡q✉❡♥③❛ ❞✐ ✼
♥✉♠❡r✐ ❞✐s❝♦❧✐ ❝♦♥s❡❝✉t✐✈✐ è r❛♣♣r❡s❡♥t❛t❛ ❞❛✐ ♥✉♠❡r✐ ✷✾✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✸✱ ✸✹✱ ✸✺✳

✽✳ ❙❖▲❯❩■❖◆❊ ✶

❙✐❛♥♦ A′✱ B′✱ C ′ r✐s♣❡tt✐✈❛♠❡♥t❡ ✐ ♣✉♥t✐ ❞✐ ✐♥t❡rs❡③✐♦♥❡ ❞✐ AD ❡ BE✱ BE ❡ CF ✱ CF ❡ AD✿ ♣❡r ♠♦t✐✈✐ ❞✐
s✐♠♠❡tr✐❛ ✐❧ tr✐❛♥❣♦❧♦ A′B′C ′ è ❡q✉✐❧❛t❡r♦✳

❙✐ ✈❡r✐✜❝❛ ❝❤❡ ✐❧ tr✐❛♥❣♦❧♦ ABC è ❡q✉✐✈❛❧❡♥t❡ ❛ ✼ tr✐❛♥❣♦❧✐ ✉❣✉❛❧✐ ❛ A′B′C ′ ❧❛ ❝✉✐ ❛r❡❛ è ♣❛r✐ ❛❧❧ì✬❛r❡❛ ❞❡❧
tr✐❛♥❣♦❧♦ ABC ❝♦♠❡ ❡✈✐❞❡♥③✐❛t♦ ✐♥ ✜❣✉r❛✳

B C

A

B′

A′

C′

◆♦t❛✿ ♣♦✐❝❤é r❛♣♣♦rt✐ ❞✐ s❡❣♠❡♥t✐ ❛❧❧✐♥❡❛t✐ ❡ r❛♣♣♦rt✐ ❞✐ ❛r❡❡ s♦♥♦ ✐♥✈❛r✐❛♥t✐ ♣❡r ❛✣♥✐tà ❡✱ ✜ss❛t✐ ❞✉❡
tr✐❛♥❣♦❧✐ ♥♦♥ ❞❡❣❡♥❡r✐✱ ❡s✐st❡ ✉♥❛ ❡❞ ✉♥❛ s♦❧❛ ❛✣♥✐tà ❝❤❡ tr❛s❢♦r♠❛ ❧✬✉♥♦ ♥❡❧❧✬❛❧tr♦✱ ❧✬✐♣♦t❡s✐ ❝❤❡ ✐❧ tr✐❛♥❣♦❧♦
s✐❛ ❡q✉✐❧❛t❡r♦ è ✐♥❡ss❡♥③✐❛❧❡✳

❙❖▲❯❩■❖◆❊ ✷

❘✐s♦❧✈✐❛♠♦ ✐❧ ♣r♦❜❧❡♠❛ ✐♥ ❝♦♦r❞✐♥❛t❡ ❜❛r✐❝❡♥tr✐❝❤❡ ♦♠♦❣❡♥❡❡✳
■ ♣✉♥t✐ A✱ B✱ C ❤❛♥♥♦ r✐s♣❡tt✐✈❛♠❡♥t❡ ❝♦♦r❞✐♥❛t❡ (1, 0, 0)✱ (0, 1, 0)✱ (0, 0, 1)✳
■ ♣✉♥t✐ D✱ E✱ F ❤❛♥♥♦ r✐s♣❡tt✐✈❛♠❡♥t❡ ❝♦♦r❞✐♥❛t❡ (0, 1/3, 2/3)✱ (2/3, 0, 1/3)✱ (1/3, 2/3, 0)✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ❣❡♥❡r✐❝❛ è ax+ by + cz = 0✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ♣❛ss❛♥t❡ ♣❡r B ❡ E è✿ x = 2z✳
▲✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ ♣❛ss❛♥t❡ ♣❡r A ❡ D è✿ z = 2y✳
■❧ ♣✉♥t♦ A′✱ ✐♥t❡rs❡③✐♦♥❡ tr❛ ❧❡ r❡tt❡ BE ❡ AD ❤❛ ❝♦♦r❞✐♥❛t❡ (4/7, 1/7, 2/7)✳
P❡r s✐♠♠❡tr✐❛ ✐ ♣✉♥t✐ B′ ❡ C ′ ❤❛♥♥♦ ❝♦♦r❞✐♥❛t❡ (2/7, 4/7, 1/7) ❡ (1/7, 2/7, 4/7)✳
▲✬❛r❡❛ ❞✐ ✉♥ tr✐❛♥❣♦❧♦ ❞✐ ✈❡rt✐❝✐ P = (x1, y1, z1)✱ Q = (x2, y2, z2) ❛♥❞ R = (x3, y3, z3) è✿

[PQR] =

∣

∣

∣

∣

∣

∣

∣

x1 y1 z1
x2 y2 z2
x3 y3 z3

∣

∣

∣

∣

∣

∣

∣

■❧ ❞❡t❡r♠✐♥❛♥t❡ è ❞❡❧❧❛ ❢♦r♠❛

∣

∣

∣

∣

∣

∣

∣

a b c
b c a
c a b

∣

∣

∣

∣

∣

∣

∣

❡ ✈❛❧❡ 3abc− a3 − b3 − c3✳ ❙♦st✐t✉❡♥❞♦ s✐ ♦tt✐❡♥❡ [A′B′C ′] = 1

7
✳



✾✳ ❙✐❛ AB = 60✱ AC = 80✱ ❡ BC = 100✳ ❙❡ ✐❧ tr✐❛♥❣♦❧♦ ABD ❤❛ ❧♦ st❡ss♦ ♣❡r✐♠❡tr♦ ❞❡❧ tr✐❛♥❣♦❧♦ ACD✱ ❞❡✈❡
❡ss❡r❡ AB +BD ✉❣✉❛❧❡ ❛ AC +DC❀ s✐ r✐❝❛✈❛ ❢❛❝✐❧♠❡♥t❡ BD = 60✳

❉✐s❡❣♥❛♠♦ ❧✬❛❧t❡③③❛ AH r❡❧❛t✐✈❛ ❛ BC✳ ■❧ tr✐❛♥❣♦❧♦ ABH è s✐♠✐❧❡ ❛❧ tr✐❛♥❣♦❧♦ BCA✳ ◗✉✐♥❞✐ AH = 48
❡ BH = 36✳ ■❧ tr✐❛♥❣♦❧♦ r❡tt❛♥❣♦❧♦ AHD ❤❛ ✐ ❞✉❡ ❝❛t❡t✐ AH = 48 ❡ HD = BD − BH = 60 − 36 = 24✳
▲✬✐♣♦t❡♥✉s❛ AD ♠✐s✉r❛ 24

√
5 ♠✳ ❘✐s♣♦st❛ ✺✸✻✻✳

✶✵✳ ▲❛ s♦♠♠❛ ❞❡✐ ♥✉♠❡r✐ s✉ ♦❣♥✐ r✐❣❛ è 3n−1 + 1✳ ❘✐s♣♦st❛ 38 + 1 = 6562✳

✶✶✳ ❙✉ ♦❣♥✐ ❧❛t♦ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ♣♦ss✐❛♠♦ ♣♦s✐③✐♦♥❛r❡ ✉♥ ♦tt❛❡❞r♦ ♣✐❝❝♦❧♦ ♣❡r ✉♥ t♦t❛❧❡ ❞✐ ✶✽ t❡tr❛❡❞r✐✳
❆♥❝❤❡ ❛❧ ❝❡♥tr♦ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ♣♦ss✐❛♠♦ ♣♦s✐③✐♦♥❛r❡ ✉♥✬♦tt❛❡❞r♦ ♣✐❝❝♦❧♦✳ ❚r❛ ✐ ✶✾ ♦tt❛❡❞r✐ ♣♦ss✐❛♠♦
♣♦s✐③✐♦♥❛r❡ ❡s❛tt❛♠❡♥t❡ ✸✷ t❡tr❛❡❞r✐✱ ✸ t❡tr❛❡❞r✐ ♣❡r ♦❣♥✐ ❢❛❝❝✐❛ ❞❡❧ ❞❡❧❧✬♦tt❛❡❞r♦ ❣r❛♥❞❡ ❡ ✽ t❡tr❛❡❞r✐ ♣❡r
♦❣♥✐ ❢❛❝❝✐❛ ❞❡❧ t❡tr❛❡❞r♦ ❝❡♥tr❛❧❡✳ ❘✐s♣♦st❛ 19 · 32 = 608✳

✶✷✳ ➮ ❧❛ s♦♠♠❛ ❞✐ ✉♥❛ s❡r✐❡ ❣❡♦♠❡tr✐❝❛✳ ❊s❡❣✉✐t✐ ✐ ❝❛❧❝♦❧✐ s✐ tr♦✈❛ (1 + x)18 − x18✳ ■❧ ❝♦❡✣❝✐❡♥t❡ ❝❡r❝❛t♦ è
(

18

5

)

= 8568✳

✶✸✳ ❙✐❛ r ✐❧ r❛❣❣✐♦ ❞✐ ✉♥❛ s❢❡r❛✳ ▲❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧ ❝✉❜♦ s✐ ♣✉ò ❡s♣r✐♠❡r❡ ❝♦♠❡
√
3 =

√
3r + r + r +

√
3r.

▲❛ s♦❧✉③✐♦♥❡ è r =
3−

√
3

4
= 0.316 . . . ✳

✶✹✳ ❊s♣r✐♠✐❛♠♦ ❧❛ s♦♠♠❛ ❝❡r❝❛t❛ tr❛♠✐t❡ ❧❛ s❡❣✉❡♥t❡ t❛❜❡❧❧❛✿

1

10

2

102
3

103
4

104
· · ·

✵✱ ✶ ✶ ✶ ✶ · · ·
✵✱ ✵ ✶ ✶ ✶ · · ·
✵✱ ✵ ✵ ✶ ✶ · · ·
✵✱ ✵ ✵ ✵ ✶ · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·

❊s❡❣✉✐❛♠♦ ❧❡ s♦♠♠❡ ❧✉♥❣♦ ❧❡ ❞✐❛❣♦♥❛❧✐✿

1

9
+

1

90
+

1

900
+ · · · = 10

81
.

✶✺✳ ◆❡❧ ♠❛③③♦ ❞✐ ✹✽ ❝❛rt❡ ❝♦♥ ✸ ❛ss✐✱ ✐❧ s❡❝♦♥❞♦ ❛ss♦ r✐♠❛♥❡ s❡♠♣r❡ ✐❧ s❡❝♦♥❞♦ ❛ss♦ s✐❛ s❡ ❣✐r✐❛♠♦ ❧❡ ❝❛rt❡
❞❛❧❧✬❛❧t♦ ✈❡rs♦ ✐❧ ❜❛ss♦ ❡ s✐❛ s❡ ❣✐r✐❛♠♦ ❧❡ ❝❛rt❡ ❞❛❧ ❜❛ss♦ ✈❡rs♦ ❧✬❛❧t♦✳ ❙❡ ✐❧ s❡❝♦♥❞♦ ❛ss♦ s✐ tr♦✈❛ ✐♥ ♣♦s✐③✐♦♥❡
k✲❡s✐♠❛ ❣✐r❛♥❞♦ ❧❡ ❝❛rt❡ ❞❛❧❧✬❛❧t♦ ✈❡rs♦ ✐❧ ❜❛ss♦ s✐ r✐tr♦✈❡rà ✐♥ ♣♦s✐③✐♦♥❡ 49 − k✲❡s✐♠❛ ❣✐r❛♥❞♦ ❧❡ ❝❛rt❡ ❞❛❧
❜❛ss♦ ✈❡rs♦ ❧✬❛❧t♦✳ ■❧ ♥✉♠❡r♦ ♠❡❞✐♦ ❞✐ ❝❛rt❡ s❛rà ♣❡rt❛♥t♦

k + 49− k

2
=

49

2
.

❘✐s♣♦st❛ ✺✶✳

✶✻✳ ❈❤✐❛♠✐❛♠♦ ❧❡ ♣r♦♠❡ss❡ ❆✱ ❇✱ ❈✱ ❉✱ ❊✳ ▲✬✐♣♦t❡s✐ ❝❤❡ ❞✉❡ ♣❛rt✐t✐ q✉❛❧✉♥q✉❡ ❤❛♥♥♦ ❢❛tt♦ ❛❧♠❡♥♦ ✉♥❛ ♣r♦♠❡ss❛
✐♥ ❝♦♠✉♥❡ ❣❛r❛♥t✐s❝❡ ❝❤❡ ♥♦♥ ❝✐ s♦♥♦ ♣❛rt✐t✐ ❝❤❡ ❤❛♥♥♦ ❢❛tt♦ ✐♥s✐❡♠✐ ❞✐ ♣r♦♠❡ss❡ ❝♦♠♣❧❡♠❡♥t❛r✐✳
P♦✐❝❤é ✐ 25 = 32 s♦tt♦✐♥s✐❡♠✐ ❞✐ {A,B,C,D,E} s✐ ♣♦ss♦♥♦ ❞✐✈✐❞❡r❡ ✐♥ 24 = 16 ❝♦♣♣✐❡ ❞✐ s♦tt♦✐♥s✐❡♠✐ ❢r❛
❧♦r♦ ❝♦♠♣❧❡♠❡♥t❛r✐ ❡ ❧❡ ♣r♦♠❡ss❡ ❢❛tt❡ ♣♦ss♦♥♦ ❝♦♠♣r❡♥❞❡r❡ ❛❧ ♣✐ù ✉♥ s♦tt♦✐♥s✐❡♠❡ ❛❧❧✬✐♥t❡r♥♦ ❞✐ ❝✐❛s❝✉♥❛
❝♦♣♣✐❛✱ ✐❧ ♥✉♠❡r♦ t♦t❛❧❡ ❞❡✐ ♣❛rt✐t✐ ♥♦♥ ♣✉ò s✉♣❡r❛r❡ ✶✻✳
❉✬❛❧tr❛ ♣❛rt❡ ✐❧ ♥✉♠❡r♦ ❞✐ ✶✻ ♣✉ò ❡ss❡r❡ ❡✛❡tt✐✈❛♠❡♥t❡ r❛❣❣✐✉♥t♦ ❝♦♥s✐❞❡r❛♥❞♦ ✶✻ ♣❛rt✐t✐ ❝❤❡ ❛❜❜✐❛♥♦ ❢❛tt♦
t✉tt✐ ❧❛ ♣r♦♠❡ss❛ ❆ ❡ ✐♥♦❧tr❡ ❝✐❛s❝✉♥♦ ✉♥♦ ❞❡✐ ✶✻ ♣♦ss✐❜✐❧✐ s♦tt♦✐♥s✐❡♠✐ ❞✐ ♣r♦♠❡ss❡ ❞❡❧❧✬✐♥s✐❡♠❡ {B,C,D,E}

✶✼✳ ■❧ ❜❛r✐❝❡♥tr♦ s✐ tr♦✈❛ s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧ tr❛♣❡③✐♦✳

❉✐✈✐❞✐❛♠♦ ✐❧ tr❛♣❡③✐♦ ✐♥ ❞✉❡ ✜❣✉r❡✿



A B

CD

H K

G1

G2

G

❼ ✐❧ r❡tt❛♥❣♦❧♦ HKCD ❞✐ ❛r❡❛ 288 ♠2 ❡ ❜❛r✐❝❡♥tr♦ G1 s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧ tr❛♣❡③✐♦ ❡ ❞✐st❛♥t❡ 6
❝♠ ❞❛❧❧❛ ❜❛s❡ ✭♠❡tà ❞❡❧❧✬❛❧t❡③③❛✮❀

❼ ✐ ❞✉❡ tr✐❛♥❣♦❧✐ AHD ❡ KBC ❞✐ ❛r❡❛ ❝♦♠♣❧❡ss✐✈❛ ✼✷ ♠2 ❡ ❜❛r✐❝❡♥tr♦ G2 s✉❧❧✬❛ss❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧
tr❛♣❡③✐♦ ❡ ❞✐st❛♥t❡ 4 ❝♠ ❞❛❧❧❛ ❜❛s❡ ✭✉♥ t❡r③♦ ❞❡❧❧✬❛❧t❡③③❛✮✳

■❧ ❜❛r✐❝❡♥tr♦ G ❞❡❧ tr❛♣❡③✐♦ s✐ tr♦✈❛ tr❛♠✐t❡ ❧❛ ♠❡❞✐❛ ♣♦♥❞❡r❛t❛ tr❛ G1 ❡ G2 ❝♦♥ ♣❡s✐ ♣❛r✐ ❛❧❧❡ ❛r❡❡

288 · 6 + 72 · 4
288 + 72

=
28

5
.

❖ss❡r✈❛③✐♦♥❡✳ ▲❛ ❞✐st❛♥③❛ ❞❡❧ ❜❛r✐❝❡♥tr♦ ❞❛❧❧❛ ❜❛s❡ ♠❛❣❣✐♦r❡ ✐♥ ✉♥ tr❛♣❡③✐♦ s✐ ♣✉ò ❝❛❧❝♦❧❛r❡ ♠❡❞✐❛♥t❡ ❧❛
s❡❣✉❡♥t❡ ❢♦r♠✉❧❛✿

❞✐st(G,BASE) =
h

3
· B + 2b

B + b

✶✽✳ ■♥❞✐❝❤✐❛♠♦ ❝♦♥ a = 2x3 − 3x2✱ b = x+ 1✱ c = 3x3 − x2 ❡ d = 5x− 13✳ ▲✬❡q✉❛③✐♦♥❡ ❞✐✈❡♥t❛
a+ b

a− b
=

c+ d

c− d

❝❤❡ r✐s✉❧t❛ ✈❡r❛ s❡ ❡ s♦❧♦ s❡
a

b
=

c

d
✳ ◗✉✐♥❞✐ ❜✐s♦❣♥❛ r✐s♦❧✈❡r❡ ❧✬❡q✉❛③✐♦♥❡✿

2x3 − 3x2

x+ 1
=

3x3 − x2

5x− 13
.

▲❡ s♦❧✉③✐♦♥✐ s♦♥♦ 0✱ 8

7
❡ 5✳

✶✾✳ ❯♥ ♥✉♠❡r♦ ❣✐♦❝♦s♦ ❤❛ ❛❧♠❡♥♦ ✷ ❝✐❢r❡ ❞✐st✐♥t❡ a ❡ b✳ ◗✉✐♥❞✐ ❝✐ s❛r❛♥♥♦ tr❛ ❧❡ ♣❡r♠✉t❛③✐♦♥✐ ❞❡❧ ♥✉♠❡r♦ s✐❛
xxx . . . xxxab ❡ s✐❛ xxx . . . xxxba✳ ❯♥ ❞✐✈✐s♦r❡ d ❞❡✐ ❞✉❡ ♥✉♠❡r✐ ❞❡✈❡ ❞✐✈✐❞❡r❡ ❧❛ ❧♦r♦ ❞✐✛❡r❡♥③❛ 9(a− b) ✐❧
❝✉✐ ✈❛❧♦r❡ ♠❛ss✐♠♦ è ✽✶✳ ❯♥ ♥✉♠❡r♦ ❣✐♦❝♦s♦ ❝❤❡ r❡❛❧✐③③❛ q✉❡st♦ ♠❛ss✐♠♦ è ✾✾✾✾✾✾✾✾✾✵✳

✷✵✳ ❆♣♣❧✐❝❛♥❞♦ ❧❛ ❞✐s✉❣✉❛❣❧✐❛♥③❛ tr❛ ♠❡❞✐❛ ❛r✐t♠❡t✐❝❛ ❡ ❣❡♦♠❡tr✐❝❛ s✐ ♦tt✐❡♥❡ ❞❛❧❧❛ ♣r✐♠❛ r❡❧❛③✐♦♥❡ ❝❤❡ ♣❡r
q✉❛❧❝❤❡ x

»

f(x) ≥ f(x) + f(1)

2
≥
»

f(x)f(1)

❉✬❛❧tr❛ ♣❛rt❡✱ ❞❛t♦ ❝❤❡ f(1) ≥ 1✱

»

f(x) ≤
»

f(x)f(1)

q✉✐♥❞✐ ❞❡✈❡ ❡ss❡r❡
»

f(x) =
»

f(x)f(1)

♦✈✈❡r♦ f(1) = 1✳

❙♦st✐t✉❡♥❞♦ ♥❡❧❧❛ s❡❝♦♥❞❛ r❡❧❛③✐♦♥❡ s✐ ♦tt✐❡♥❡ f(n) = 2n− 1✳ ■❧ ✈❛❧♦r❡ ❝❡r❝❛t♦ è f(29) = 57✳


